The Shafarevich conjecture revisited: Finiteness of pointed families of
  polarized varieties by Javanpeykar, Ariyan et al.
ar
X
iv
:2
00
5.
05
93
3v
1 
 [m
ath
.A
G]
  1
2 M
ay
 20
20
THE SHAFAREVICH CONJECTURE REVISITED: FINITENESS OF
POINTED FAMILIES OF POLARIZED VARIETIES
ARIYAN JAVANPEYKAR, RUIRAN SUN, AND KANG ZUO
Abstract. Motivated by Lang-Vojta’s conjectures on hyperbolic varieties, we prove a
new version of the Shafarevich conjecture in which we establish the finiteness of pointed
families of polarized varieties. We then give an arithmetic application to the finiteness
of integral points on moduli spaces of polarized varieties.
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1. Introduction
Let k be an algebraically closed field of characteristic zero. In [Ara71, Par68] Arakelov-
Parshin proved Shafarevich’s 1962 ICM conjecture for the moduli space of curves [Sha63].
Namely, for every smooth connected curve B over k and every integer g ≥ 2, the set
of B-isomorphism classes of non-isotrivial smooth proper curves X → B of genus g is
finite, i.e., the set of non-isotrivial morphisms B → Cg⊗Q k is finite, where Cg is the stack
over Q of smooth proper connected curves of genus g, and Cg ⊗Q k denotes the stack
Cg ×SpecQ Spec k.
In this paper we study the moduli stack of polarized varieties with semi-ample canon-
ical bundle, and prove a generalization of Arakelov-Parshin’s finiteness result in the case
of higher-dimensional families of polarized varieties; see Theorem 1.1 for a precise state-
ment.
To state our result, letM be the stack over Q of polarized smooth proper geometrically
connected varieties (X,L) with semi-ample canonical bundle ωX . Moreover, for h in Q[t],
letMh be the substack parametrizing polarized varieties (X,L) with Hilbert polynomial
h. Then, by the theory of Hilbert schemes and the theorem of Matsusaka-Mumford
[MM64], the stack Mh is a finite type separated Deligne-Mumford algebraic stack over
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Q and M = ⊔h∈Q[t]Mh. Note that, for g ≥ 2, the stack Cg of smooth proper connected
curve of genus g is a connected component of M.
Given a variety U over k, the data of a morphism U → M ⊗Q k is equivalent to
the data of a pair (π : V → U, L), where V → U is a smooth proper morphism whose
geometric fibres are connected with semi-ample canonical bundle and L is a π-relatively
ample line bundle on V . For example, if U is a smooth connected curve over k, then
the existence of a quasi-finite morphism U → M⊗Q k boils down to the existence of
a non-isotrivial family of polarized smooth proper varieties over U . More generally, by
definition, if U is a variety over k and U →M⊗Q k is a morphism and (V, L)→ U is the
associated family, then U →M⊗Q k is quasi-finite (as a morphism of algebraic stacks)
if and only if, for every polarized variety (V0, L0), the set of u in U(k) such that
(Vu, Lu) ∼= (V0, L0)
is finite.
We prove the following version of the Shafarevich conjecture in which we, roughly
speaking, prove the finiteness of families over a given variety with a large enough fixed
set of fibres. To state our result, for C a smooth quasi-projective connected curve, we
let C be its smooth projective model and g(C) its genus.
Theorem 1.1 (Weak-Pointed Shafarevich Conjecture). Let k be an algebraically closed
field of characteristic zero, let h ∈ Q[t], let U be a variety over k, and let U →Mh⊗Q k
be a quasi-finite morphism. Then U has the following finiteness property:
If
N ≥
deg h− 1
2
(
2g(C)− 2 + #(C \ C)
)
is an integer, u1, . . . , uN ∈ U(k) are points, C is a smooth quasi-projective connected
curve over k, and c1, . . . , cN ∈ C(k) are pairwise distinct points, then the set of non-
constant morphisms f : C → U with f(c1) = u1, . . . , f(cN) = uN is finite.
Let us give a concrete reformulation of Theorem 1.1 to explain the relation to Shafare-
vich’s 1962 ICM Conjecture. Let C be a smooth quasi-projective connected curve over
k, let h ∈ Q[t], let
N ≥
deg h− 1
2
(
2g(C)− 2 + #(C \ C)
)
be an integer, and let c1, . . . , cN be pairwise distinct points of C(k). Let
(V1, L1), . . . , (VN , LN )
be polarized smooth projective connected varieties with Hilbert polynomial h and semi-
ample canonical bundle over k. Now, as in the statement of Theorem 1.1, let U be a
variety over k and let ϕ : U →Mh ⊗Q k be a quasi-finite morphism. We will say that a
family of polarized varieties (V, L)→ C over C whose geometric fibres have semi-ample
canonical bundle is ϕ-rigidified if the classifying map C →M factors over ϕ : U →M.
Then, Theorem 1.1 says that there are only finitely many C-isomorphism classes of ϕ-
rigidified families (V, L)→ C such that, for every 1 ≤ i ≤ n, we have (Vci, Lci)
∼= (Vi, Li).
That is, roughly speaking, there are only finitely many families of polarized varieties over
C as long as we “fix” the fibres of these families over the points c1, . . . , cN .
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In Theorem 1.1 one may take “N = 0” when deg h = 1. In particular, for g ≥ 2,
by applying Theorem 1.1 to the fine moduli space U := C
[3]
g of smooth proper curves of
genus g with full level 3 structure we recover, up to a standard stacky argument, the
finiteness theorem of Arakelov-Parshin for Cg; see Remark 4.2 for details.
The Shafarevich conjecture for families of curves was proved by Arakelov-Parshin by
showing that the moduli space of maps from a fixed curve to the moduli stack Cg of
smooth proper curves of genus g is bounded over C (i.e., it is a space of finite type) and
zero-dimensional (i.e., its objects are “rigid”). However, the analogue of the Shafarevich
conjecture for families of higher-dimensional fails, as families of such varieties fail to be
rigid. Let us be more precise.
One can not take “N = 0” in Theorem 1.1 when deg h > 1, as there are many curves C
which admit a non-constant non-rigid morphism C →M⊗Q C. For example, let g ≥ 2
be an integer and let C → Cg be a non-isotrivial morphism (associated to a non-isotrivial
smooth proper curve of genus g over C). Define U = C × C. Then U admits a quasi-
finite morphism to Cg × Cg, and therefore also to M. However, the set of non-constant
morphisms C → U = C × C is clearly not finite. For another example, note that one
can also use Faltings’s construction of a non-rigid family of polarized abelian varieties of
dimension 8 over a smooth curve [Fal83a].
The crux of our proof is that families of higher-dimensional polarized varieties are rigid,
as long as one fixes “enough” fibres of the family. Our proof of this novel rigidity result
uses Viehweg-Zuo sheaves and constructions with Higgs bundles. Our main finiteness
result (Theorem 1.1) then follows by combining this rigidity result (see Theorem 3.1)
with the well-known boundedness of the moduli space of maps from a fixed curve toMh
(see [KL11]).
Note that in Theorem 1.1 we do not assume U to be smooth, nor even normal. Indeed,
imposing smoothness or normality of U would be unnatural, as the singularities of the
moduli stack of polarized varieties with semi-ample canonical bundle verify Murphy’s
Law; see [Vak06].
Examples of varieties whose canonical bundle is semi-ample are canonically polarized
varieties (which have ample canonical bundle) and polarized varieties with trivial canon-
ical bundle (e.g., polarized abelian varieties). If the fibres of (V, L) → U have trivial
canonical bundle, then the fibres of (V, L) → U satisfy infinitesimal Torelli, so that the
conclusion of Theorem 1.1 can be deduced from finiteness properties of varieties with
a quasi-finite period map; see [JLb, Theorem 1.5] for details. However, in the case of
canonically polarized fibres our finiteness result is new.
1.1. Motivation: Lang-Vojta’s conjecture on hyperbolicity. We were first led to
investigate the pointed version of the Shafarevich conjecture by the Lang-Vojta conjec-
tures [Lan86, Voj87] (see also [Jav]). Indeed, the Lang-Vojta conjectures predict that the
complex-analytic hyperbolicity of a quasi-projective variety over C should force a plethora
of arithmetic and geometric finiteness properties (see for example [Jav18, JKa]). In fact,
the following version of the Lang-Vojta conjectures formed the guiding thread in our
investigations on the Weak-Pointed Shafarevich Conjecture:
Conjecture 1.2 (Lang-Vojta). Let X be a quasi-projective variety over C. Then the
following statements are equivalent.
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(1) The variety X is Brody hyperbolic.
(2) Every subvariety of X is of log-general type.
(3) For every smooth quasi-projective connected curve C over C, every c ∈ C(C),
every x ∈ X(C), the set of morphisms f : C → X with f(c) = x is finite.
The history of results on the hyperbolicity of varieties with a quasi-finite morphism to
M⊗Q C goes back to Kebekus-Kova´cs and Migliorini [KK08b, KK08a, KK10, Mig95];
see [Kov09, Kov03] for detailed discussions. In fact, a variety U over C which admits a
quasi-finite morphism toM⊗QC is Brody hyperbolic by Viehweg-Zuo’s theorem [VZ03a],
and even Kobayashi hyperbolic by To-Yeung and Schumacher’s work [Sch14, TY15].
Recently, in [DLSZ] the authors also showed that U is Borel hyperbolic in the sense of
[JKb] (i.e., every holomorphic map San → Uan with S a reduced finite type scheme over
C is algebraic). On the algebraic side, it is known that every closed subvariety of U is of
log-general type by Campana-Pa˘un’s theorem [CP15] (see also [Sch17]).
Thus, as a variety U over C which admits a quasi-finite morphism toM⊗QC satisfies
properties (1) and (2) above, the Lang-Vojta conjecture (Conjecture 1.2) predicts certain
finiteness properties for the variety U , and our main result (Theorem 1.1) provides pre-
cisely such a finiteness property. Thus, we invite the reader to view our finiteness result
(Theorem 1.1) as completing part of the picture predicted by the Lang-Vojta conjecture
for U . The above version of the Lang-Vojta conjecture actually predicts an even stronger
finiteness property for U ; we discuss this stronger property in Conjecture 1.6 below.
The restriction in the aforementioned results (as well as our results) to families of
varieties with semi-ample canonical bundle is necessary, as moduli stacks of Fano varieties
are not necessarily hyperbolic; see [JL18, Section 5].
Finally, let us note that we restrict ourselves to varieties U with a quasi-finite morphism
to the stack M and do not work directly with the stack M itself to avoid technicalities
such as resolving singularities of the stack M, the theory of Higgs bundles on stacks,
and variations of Hodge structures on stacks. However, a simple argument (similar
to Chevalley-Weil’s theorem) shows that our main result can be used to prove that the
stackM (or its connected componentsMh) satisfy similar finiteness properties, under the
assumption thatM is uniformizable, i.e., there is a schemeM and a finite e´tale morphism
M →M (see [Noo04]). Examples of components of M which are uniformizable are the
stack of polarized abelian varieties and the stack Cg of curves of genus g ≥ 2, as well as
the stack of smooth hypersurfaces [JL17b] and the stack of very canonically polarized
varieties [Pop75]. In light of these examples, it seems reasonable to suspect that the
stack M⊗Q C is in fact uniformizable. We formulate our expectation as a conjecture:
Conjecture 1.3 (Uniformizability of M). If h ∈ Q[t] is a polynomial, then the stack
Mh over Q of polarized smooth proper geometrically connected varieties with semi-ample
canonical bundle is uniformizable by a (quasi-projective) scheme over Q.
1.2. Arithmetic application. Although led by the Lang-Vojta conjecture and its many
predictions, our actual motivation for investigating finiteness of pointed families of po-
larized varieties is of an arithmetic nature. Indeed, our motivation for proving Theorem
1.1 stems from arithmetic questions surrounding integral points on the moduli stack M
over Q. In fact, by using Theorem 1.1 we are able to verify certain expected finiteness
properties for integral points on M; see Theorem 1.5 below for a precise statement.
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Let k be an algebraically closed field of characteristic zero. A variety X over k is said
to be arithmetically hyperbolic over k if there is a Z-finitely generated subring A ⊂ k
and a finite type separated A-scheme X with Xk ∼= X over k such that, for all Z-finitely
generated subrings A′ ⊂ k containing A, the set X (A′) of A′-points on X is finite. Thus,
roughly speaking, a variety is arithmetically hyperbolic if it has only finitely many integral
points. Note that this notion for varieties naturally extends Lang’s notions [Lan74] of
the Siegel property for affine varieties over number fields; see also [Jav, §7] or [Voj15].
In [Lan60], Lang suggests that finiteness statements involving integral points over rings
of integers should continue to hold over arbitrary Z-finitely generated subrings of C. For
example, after work of Siegel [Sie21], Mahler [Mah33], and Parry [Par50] in the classical
setting of rings of (S-)integers, Lang showed that the unit equation u + v = 1 has only
finitely many solutions u, v ∈ A when A is a Z-finitely generated subring of C. More
generally, Lang [Lan60] proved Siegel’s theorem [Sie14] on integral points on affine curves
in this general setting (the unit equation corresponding to integral points on the affine
curve A1 \ {0, 1}), thereby verifying that his general principle holds for affine curves.
Summarizing, Lang proved that the arithmetic hyperbolicity of a smooth affine curve
overQ persists after extending the base field. It is reasonable to suspect this “persistence”
of arithmetic hyperbolicity to also hold for higher-dimensional varieties. The formal
statement we are interested in is the Persistence Conjecture for quasi-projective varieties.
Conjecture 1.4 (Persistence Conjecture). Let k ⊂ L be an extension of algebraically
closed fields of characteristic zero. If X is an arithmetically hyperbolic variety over k,
then XL is arithmetically hyperbolic over L.
This conjecture has been investigated in [BJK, Jav, Jav18, JLa, JLb, JX] in the case
of varieties with a quasi-finite period map, finite covers of abelian varieties, algebraically
hyperbolic varieties, Brody hyperbolic varieties, hyperbolically embeddable varieties, and
surfaces with non-zero irregularity, respectively. It appears implicitly in the work of
Faltings, Lang, and Vojta; see [Fal84, Fal94, Voj15].
The arithmetic application we give of the Weak-Pointed Shafarevich Conjecture (The-
orem 1.1) is that the Persistence Conjecture holds for base spaces of families of polarized
varieties with semi-ample canonical bundle.
Theorem 1.5 (Persistence Conjecture holds for U). Let k be an algebraically closed field
of characteristic zero, and let U be a variety over k which admits a quasi-finite morphism
U → M⊗ k. Let k ⊂ L be an extension of algebraically closed fields of characteristic
zero. If U is arithmetically hyperbolic over k, then UL is arithmetically hyperbolic over
L.
We mention that the Persistence Conjecture can also be formulated for stacks (and,
in particular, the stacks Mh defined above) using the notion of arithmetic hyperbolicity
defined in [JLc]. We have chosen to avoid stack-theoretic technicalities in this paper
and instead focused on proving new finiteness results for varieties with a quasi-finite
morphism toM. Finally, let us also mention that verifying the arithmetic hyperbolicity
of the stacks Mh is a hard problem in arithmetic geometry; we refer the reader to
[Fal83b, Jav15, JL17a, JL18, LS, LV] for examples of moduli spaces for which we can
verify the arithmetic hyperbolicity.
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1.3. An open problem. If X is a Brody hyperbolic proper variety over C, then Urata
proved that, for (C, c) a smooth connected pointed curve over C and x a point of X , the
set of morphisms f : C → X with f(c) = x is finite; see [Ura79]. It follows from Urata’s
theorem and Viehweg-Zuo’s theorem on the Brody hyperbolicity of moduli spaces that,
if U is a projective variety over C admitting a (quasi-)finite morphism to M⊗Q C, then
the set of pointed maps f : (C, c) → (U, u) is finite; see [JLb, Example 2.3] for details.
Thus, if U is projective, then the conclusion of Theorem 1.1 can be strengthened; one
only needs to choose one point on the curve C to force the finiteness of the set of pointed
maps (whereas in Theorem 1.1 one has to choose at least deg h−1
2
(
2g(C)− 2 + #(C \ C)
)
points on C).
Our version of the Lang-Vojta conjecture (Conjecture 1.2) actually predicts that the
above finiteness property should hold for every quasi-projective variety admitting a quasi-
finite morphism to M⊗Q C. That is, the conclusion of Urata’s theorem should hold
for any variety U which admits a quasi-finite morphism M⊗Q C. We formulate this
expectation as a conjecture.
Conjecture 1.6 (Pointed Shafarevich Conjecture). Let U be a variety over C which
admits a quasi-finite morphism U →M⊗QC. If C is a smooth quasi-projective connected
curve over C, c ∈ C(C), and u ∈ U(C), then the set of morphisms f : C → U with
f(c) = u is finite.
We stress that Conjecture 1.6 is a consequence of Conjecture 1.2 and the Brody hy-
perbolicity of U , as proven by Viehweg-Zuo.
Roughly speaking, the Pointed Shafarevich Conjecture asserts the finiteness of fami-
lies over C with a “fixed fibre” over a “fixed point” of C. This conjecture (Conjecture
1.6) is known in some special cases. For instance, if deg h = 1 (so that Mh is a con-
nected component of the moduli stack of smooth proper curves of genus at least two),
then Conjecture 1.6 is a direct consequence of Arakelov-Parshin’s result [Ara71, Par68].
If dimMh = 1, then Conjecture 1.6 is a consequence of the finiteness theorem of de
Franchis-Severi. Moreover, as mentioned before, it can also be proven if U is proper (by
combining Viehweg-Zuo’s result and Urata’s theorem); see [JLb, Example 2.3] for details.
Finally, if U admits a quasi-finite period map (e.g., the fibres of the family (V, L) → U
satisfy infinitesimal Torelli), then Conjecture 1.6 is a consequence of Deligne’s finiteness
theorem for monodromy representations [Del87] and the Rigidity Theorem in Hodge
theory [Sch73, 7.24]; see [JLb, Theorem 1.5].
Acknowledgements. The first named author gratefully acknowledges support of the
IHES. The authors gratefully acknowledge support from SFB/Transregio 45.
Conventions. A variety over k is an integral finite type separated scheme over k. A
pair (X,L) is a (smooth proper connected) polarized variety over k if X is a smooth
projective connected variety over k and L is an ample line bundle on X .
If L/k is an extension of fields and U is a variety (or algebraic stack) over k, then we
let UL denote the base-change of U to SpecL. Sometimes we will denote UL as U ⊗k L
to avoid possible confusion.
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2. Deformation theory
In this section we recollect some facts about log deformation theory. We follow the
notation in [ACG+13, §7]. The reference for the main result we need is [Ols05].
Let X0, Y0, and Z0 be log schemes. Consider a commutative diagram of solid arrows:
X0
i //
f0
  ❇
❇❇
❇❇
❇❇
❇
h0

✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
✵
X
f

❅
❅
❅
❅
h

✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
Y0
j
//
g0

Y
g

Z0
k // Z,
where i, j, and k are closed immersions defined by square-zero ideal sheaves I, J , and
K living on X , Y , and Z respectively. We say that f : X → Y is a deformation of the
log morphism f0 if the diagram above is commutative. The following result gives the
obstruction space to deforming f0.
Theorem 2.1. There is a canonically defined class o ∈ Ext1(f ∗0LY0/Z0 , I) which is the ob-
struction class of lifting f0 to some f : X → Y . Here LY0/Z0 is the log cotangent complex.
If o = 0, then the deformation space is a torsor under the group Ext0(f ∗0LY0/Z0 , I).
Proof. See [Ols05, Theorem 5.4]. 
2.1. Deformations of pointed log morphisms. We will apply Theorem 2.1 to the
following situation. Let C be a smooth projective connected variety over k, and let D be
a simple normal crossings divisor on C. Let Y be a smooth projective connected variety
over k, and let S be a simple normal crossings divisor on Y . Now, consider X0 = C
†,
X = C† × Spec k[ǫ], where C† is the log scheme induced from the log pair (C,D), and
let I = (ǫ) be the square-zero ideal in OX . Similarly, let Y0 = Y
†, Y = Y0 × Spec k[ǫ]
and Z0 = Spec k and Z = Spec k[ǫ]. Since (Y, S) is a smooth log pair, the log cotangent
complex LY0/Z0 collapses to the usual log cotangent sheaf Ω
1
Y (logS). The deformation
space THom((C,D),(Y,S)),[f0] of a given log morphism f0 : X0 → Y0 can be computed as
follows.
Corollary 2.2. Then the (infinitesimal) deformation space of f0 is given by
THom((C,D),(Y,S)),[f0]
∼= Ext0(f ∗0Ω
1
Y (log S),OC)
∼= H0(C, f ∗0TY (− log S)).
Proof. This is a direct consequence of Theorem 2.1. 
We will be concerned with the deformation space of a “pointed” log morphism, i.e., a
log morphism which fixes a given set of base points B ⊂ C \D. More precisely, suppose
8 ARIYAN JAVANPEYKAR, RUIRAN SUN, AND KANG ZUO
that we are given the following commutative diagram
B //
i

❃❃
❃❃
❃❃
❃❃

✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴ B × Spec k[ǫ]
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
!!❉
❉❉
❉❉
❉❉
❉❉
❉❉
❉❉
❉❉
❉❉
❉❉
❉❉
C† //
f0

C† × Spec k[ǫ]
f

Y †
= // Y † × Spec k[ǫ],
where i is the inclusion. We say that f is a deformation of f0 with base points B if
the composed morphism B × Spec k[ǫ] → Y † × Spec k[ǫ] is the trivial deformation of
f0 ◦ i : B → Y
†.
Proposition 2.3. Let (C,D), (Y, S) be smooth log varieties, let f0 : (C,D)→ (Y, S) be
a log morphism, and let B ⊂ C \D be a finite closed subset. Then
THom((C,D),(Y,S);B),[f0]
∼= H0(C, f ∗0TY (− log S)⊗OC(−B)).
Proof. By Corollary 2.2, any first order infinitesimal deformation
f : C† × Spec k[ǫ]→ Y †
corresponds to a morphism ζf : Ω
1
Y (logS)→ (ǫ)⊗OC . Given a deformation f with base
points B, it follows that the composed map Ω1Y (log S) → (ǫ) ⊗ OC → (ǫ) ⊗ OB is zero.
In particular, there is a natural factorization
Ω1Y (log S)
vv♥
♥
♥
♥
♥
♥
ζf
 &&▼
▼▼
▼▼
▼▼
▼▼
▼▼
0 // (ǫ)⊗OC(−B) // (ǫ)⊗OC // (ǫ)⊗OB // 0.
This shows that f is a deformation of f0 with base points B if and only if the induced
morphism ζf : Ω
1
Y (logS)→ (ǫ)⊗OC factors through Ω
1
Y (logS)→ (ǫ)⊗OC(−B). This
concludes the proof. 
3. Deforming pointed families of polarized varieties
In this section, we study non-trivial deformations of pointed curves in the moduli stack
of polarized manifolds with semi-ample canonical bundle using Viehweg-Zuo sheaves.
Notably, we use negativity results of kernels of Higgs bundles to force the rigidity of
pointed curves in the moduli space M⊗Q C, assuming “enough” base points have been
chosen on the curve; see Theorem 3.1 for a precise statement. Before stating the main
result of this section, we introduce the necessary notation.
Recall that Mh denotes the stack of smooth proper polarized varieties (X,L) with
Hilbert polynomial h. Let U be a variety over C, i.e., U is an integral finite type
separated scheme over C. Let ϕ : U →Mh ⊗ C be a quasi-finite morphism of stacks.
The pull-back of the universal family overMh⊗C along ϕ induces a polarized variety
over U . Concretely: there is a a smooth proper morphism π : V → U whose geometric
fibres are connected with semi-ample canonical divisor, and a π-relatively ample line
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bundle L on V , so that the moduli map U →Mh⊗C associated to the polarized variety
(V, L) → U is given by ϕ. Since ϕ is quasi-finite, it follows from the quasi-projectivity
of the coarse space of the stack Mh ⊗Q C that U is quasi-projective (see [Vie10]). We
let d denote the fibre dimension, i.e., d = deg h.
Let Y be an integral projective compactification of U , and define S := Y \ U . Let
(C,D) be a log curve and let f0 : (C,D)→ (Y, S) be a log morphism. Let B be a finite
closed subset of C \D.
Let ψ : Yˆ → Y be a resolution of singularities such that the following statements hold:
(1) The subvariety Sˆ = ψ−1(S) is a simple normal crossings divisor.
(2) The inverse image E of Y sing along ψ : Yˆ → Y is a simple normal crossings
divisor and Sˆ ∪ E is a simple normal crossings divisor.
(3) The morphism ψ|ψ−1(Y \Y sing) : ψ
−1(Y \ Y sing)→ Y \ Y sing is an isomorphism.
Throughout this section we will make the following assumptions.
Assumptions. We assume that f0 is non-constant and that its image is not contained
in the singular locus of Y , so that there is a (unique) lift
fˆ0 : (C,D)→ (Yˆ , Sˆ)
of the morphism f0 to (Yˆ , Sˆ). We also assume throughout this section that f0 is non-
rigid as an element of the moduli space
Hom ((C,D), (Y, S);B) .
That is, we assume that the connected component of
Hom ((C,D), (Y, S);B)
containing f0 is positive-dimensional. In particular, the tangent space of this moduli
space at f0 is non-zero, i.e.,
THom((C,D),(Y,S);B),[f0]
∼= H0(C, f ∗0TY (− log S)⊗OC(−B)) 6= 0.
The main result of this section is that our assumptions on f0 (e.g., the non-rigidity of
f0) force the set B to be “small”. More precisely, the number of elements in B is bounded
linearly by the dimension d of the fibres of V → U and the compactly supported Euler
characteristic of the curve C \D; see Theorem 3.1 below for a precise statement.
To set-up the proof of Theorem 3.1 we introduce some additional objects. We pull-back
the family X → Y along ψ and resolve the singularities of the total space to obtain a
surjective proper morphism g : Xˆ → Yˆ of smooth projective varieties with ∆ˆ := g−1(Sˆ)
a normal crossings divisor on Xˆ and such that the following diagram commutes
V
pi

open immersion
// X

Xˆoo
g

U
open immersion
// Y Yˆ
ψ
oo
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We define
F d−1,1 := R1g∗TXˆ/Yˆ (− log ∆ˆ).
This will be a component of a graded Higgs bundle constructed below.
Define B1 to be the subset of points b in B such that f0(b) ∈ Y
sing, and let B2 = B\B1.
Since ψ is an isomorphism over Y \ Y sing, we may consider f0(B2) ⊂ Y \ Y
sing ⊂ Y as a
subset of Yˆ .
By our assumptions, it follows that fˆ0 is non-rigid as an element of
Hom
(
(C,D +B1), (Yˆ , Sˆ + E);B2
)
.
Therefore, there is a smooth affine connected curve T over C, a closed point 0 in T , and
a non-trivial deformation
fˆ : T × (C,D)→ (Yˆ , Sˆ)
of fˆ0 such that fˆ0 = fˆ |{0}×(C,D). Note that the morphism T × (C \ D) → U induces a
family over T × C with maximal variation in moduli, i.e., the image of the moduli map
T × (C \ D) → Mh associated to the family over T × (C \ D) is two-dimensional. In
what follows, we will use the existence of this family over T × (C \D) to construct, for
t a general point of T , a non-zero map
ξ : OC(B)→ fˆ
∗
t F
d−1,1.
We define E0 := ψ
−1(f0(B1)) ⊂ Yˆ . By definition, as fˆ deforms fˆ0 inside
Hom
(
(C,D +B1), (Yˆ , Sˆ + E);B2
)
,
we obtain the following commutative diagram:
T × B1 // _

E0 _

T × C
fˆ
// Yˆ .
Consider the Kodaira-Spencer map
τd,0 : TYˆ (− log Sˆ)→ F
d−1,1.
Since the pull-back family g : Xˆ → Yˆ is trivial along E0 ⊂ Yˆ , the following composed
map
TE0 → TYˆ (− log Sˆ)|E0
τd,0|E
−−−→ F d−1,1|E0
is zero. Thus, as the following diagram
(3.1) TT×B1 //

fˆ ∗TE0

≡0
))❘
❘❘❘
❘❘❘
❘❘
❘❘❘
❘❘❘
TT×C(− log(T ×D))|T×B1 // fˆ
∗TYˆ (− log Sˆ)|T×B1
// fˆ ∗F d−1,1|T×B1
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commutes, it follows that the restricted Kodaira-Spencer map TT×B1 → fˆ
∗F d−1,1|T×B1 is
zero. Note that the log tangent bundle of the product surface decomposes as the direct
sum
TT×C(− log(T ×D)) = p
∗
1TT ⊕ (p
∗
2TC(− logD)) .
Moreover, note that
p∗1TT |T×B1 = TT×B1 .
Since the family over T × (C \D) has maximal variation in moduli, by basic properties
of the Kodaira-Spencer map, for t a general point of T , the composed map
OC ∼= p
∗
1TT |{t}×C →֒ fˆ
∗
t TT×C(− log(T ×D))
dfˆ
−→ fˆ ∗t TYˆ (− log Sˆ)
fˆ∗t τ
d,0
−−−→ fˆ ∗t F
d−1,1
is non-zero. Moreover, since the log deformation fˆ : T × C → Yˆ of f0 maps B2 to a
fixed subset of Y \ Y sing ⊂ Yˆ , it follows from Propostion 2.3 that the composition of the
first two maps OC → fˆ
∗
t TYˆ (− log Sˆ) factors through
OC → fˆ
∗
t TYˆ (− log Sˆ)(−B2).
On the other hand, by Diagram (3.1), the composed map
OC → fˆ
∗
t TYˆ (− log Sˆ)(−B2)→ fˆ
∗
t F
d−1,1(−B2)→ fˆ
∗
t F
d−1,1|B1
is the zero map. Thus, from the following diagram
0 // OC(−B1) //

OC //

∃!
uu❦ ❦
❦ ❦
❦ ❦
❦ ❦
❦ OB1
//
≡0

0
0 // fˆ ∗t F
d−1,1 ⊗OC(−B) // fˆ
∗
t F
d−1,1(−B2) // fˆ
∗
t F
d−1,1|B1 // 0
we deduce that the composed map OC → fˆ
∗
t F
d−1,1(−B2) factors through
OC → fˆ
∗
t F
d−1,1 ⊗OC(−B).
Tensoring with OC(B), this induces a natural non-zero map
ξ : OC(B)→ fˆ
∗
t F
d−1,1.
The properties of this map are crucial in our proof of Theorem 3.1 below. In fact,
in the proof of Theorem 3.1 below, we will combine the existence of the map ξ with
Viehweg-Zuo’s construction of certain graded Higgs bundles to prove an upper bound on
#B.
As we alluded to above, the sheaf F d−1,1 is a piece of a graded Higgs bundle constructed
by Viehweg-Zuo. More precisely, by Viehweg-Zuo’s construction [VZ03a, §6] (see also
[VZ02, §4]), there is a graded Higgs bundle (F, τ) associated to the family g : Xˆ → Yˆ
with bi-graded structure (
⊕
p+q=d F
p,q,
⊕
p+q=d τ
p,q), where
F p,q := Rqg∗T
q
Xˆ/Yˆ
(− log ∆ˆ)/torsion.
and the morphism τ p,q is induced by the edge morphism of a long exact sequence of
higher direct image sheaves
τ p,q : Rqg∗T
q
Xˆ/Yˆ
(− log ∆ˆ)→ Rq+1g∗T
q+1
Xˆ/Yˆ
(− log ∆ˆ)⊗ Ω1
Yˆ
(log Sˆ).
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Here T q
Xˆ/Yˆ
(− log ∆ˆ) denotes the q-th wedge product of the relative log tangent sheaf
TXˆ/Yˆ (− log ∆ˆ).
By construction, the first Higgs map
τd,0 : F d,0 ∼= OYˆ → F
d−1,1 ⊗ Ω1
Yˆ
(log Sˆ)
is the Kodaira-Spencer class (inducing the Kodaira-Spencer map above). Composing the
non-zero map ξ with τd−1,1C , we obtain the following sequence of maps
OC(B)
ξ
−→ fˆ ∗0F
d−1,1 τ
d−1,1
C−−−→ fˆ ∗0F
d−2,2 ⊗ Ω1C(logD),(3.2)
where τC is the composition of
fˆ ∗0F
fˆ∗
0
τ
−−→ fˆ ∗0F ⊗ fˆ
∗
0Ω
1
Yˆ
(log Sˆ)
Id⊗dfˆ0
−−−−→ fˆ ∗0F ⊗ Ω
1
C(logD).
Tensoring the composed map (3.2) above with TC(− logD), one obtains
OC(B)⊗ TC(− logD)→ fˆ
∗
t F
d−1,1 ⊗ TC(− logD)→ fˆ
∗
t F
d−2,2
For every m ≥ 0, by iterating the above construction, we obtain the following map of
sheaves
τm : OC(B)⊗ TC(− logD)
⊗m −→ f ∗0F
d−m−1,m+1.
These maps τm are “pointed” variants of iterated Higgs maps; see [Kov05] and [VZ05]
for the classical iterated Higgs maps, respectively
In a series of papers [VZ01, VZ02, VZ03a], Viehweg-Zuo proved the negativity of the
kernel of the Higgs map τ and used this negativity to derive the Brody hyperbolicity of
the base space U . The idea is to construct a new family of varieties such that there is a
natural comparison map from the Higgs bundle (F, τ) to the Hodge bundle (E, θ) of the
new family twisted with a certain anti-ample line bundle A−1, so that, as a consequence,
we get a nonzero map from Ker(τd−m,m) to A−1 ⊗ Ker(θd−m,m). Then, as the Griffiths
curvature formula for the Hodge bundle implies that the kernel of θ is semi-negative, it
follows that Ker(τd−m,m) is strictly negative, so that the dual of Ker(τd−m,m) induces a
big subsheaf of the mth-symmetric power of the cotangent sheaf of the base space; the
latter subsheaf is commonly referred to as the Viehweg-Zuo subsheaf, and its existence
has proven to be very useful in proving the hyperbolicity of moduli spaces of polarized
varieties.
For example, Campana-Pa˘un [CP15] proved Viehweg’s hyperbolicity conjecture using
the existence of Viehweg-Zuo sheaves; see [CKT16, Sch17] for a detailed discussion. Also,
Deng recently used properties of Viehweg-Zuo sheaves to prove the hyperbolicity of the
moduli space of polarized varieties with big and semi-ample canonical bundle [Den18a].
Moreover, the properties of Viehweg-Zuo sheaves can be used to prove rigidity of certain
families of canonically polarized varieties with maximal variation in moduli [VZ03b].
Finally, let us mention that Popa-Schnell used Hodge modules to construct Viehweg-Zuo
sheaves; see [PS17].
The crucial point in the construction of the Viehweg-Zuo big subsheaf is the con-
struction of the new family of varieties (which provides the suitable Hodge bundle).
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Viehweg-Zuo originally constructed this family as the cyclic covering of some section of
(Ωd
Xˆ/Yˆ
(log ∆ˆ))ν ⊗ g∗A−ν
over the total space Xˆ . Then, by positivity results for the direct image sheaf of the
relative canonical bundle, the sheaf
(Ωd
Xˆ/Yˆ
(log ∆ˆ))ν ⊗ g∗A−1
is globally generated for ν ≫ 0. In [VZ03a] Viehweg-Zuo used iterated self-fibre products
and replaced the original family Xˆ → Yˆ by its r-th self-fibre product Xˆ ′ := Xˆr → Yˆ
to obtain sections in (Ωd
Xˆ′/Yˆ
(log ∆ˆ))ν ⊗ g∗A−ν , where r is some large enough integer. If
we were to follow this line of reasoning, we would lose control of the fibre dimension
d = deg h of the family. To maintain this control in the following proof of Theorem 3.1,
we will follow a variant of Viehweg-Zuo’s construction appearing in the proof of [VZ02,
Theorem 1.4.iv].
Theorem 3.1 (Pointed Rigidity). The inequality
#B <
d− 1
2
(2g(C)− 2 + #D)
holds.
Proof. The idea is to use Kawamata’s covering trick, and Griffiths’s curvature com-
putations for variations of Hodge structures. More precisely, using that the fibres of
π : V → U are semi-ample, Viehweg-Zuo proved in [VZ02, Corollary 3.6] that, for ν > 0
large enough, the sheaf
g∗(Ω
d
Xˆ/Yˆ
(log ∆ˆ))ν
is big in the sense of Viehweg; see [VZ02, Definition 1.1] for a precise definition. By
[VZ02, Lemma 1.2], there is an ample line bundle A and a positive integer ν such that
the sheaf
(Ωd
Xˆ/Yˆ
(log ∆ˆ))ν ⊗ g∗A−1
is globally generated. Then, there is a ramified covering ψ : Y ′ → Yˆ such that ψ∗A = A′ν
for some ample line bundle A′ on Y ′ (see [VZ02, Lemma 2.3.(a)]). In this way, we get
sections of (ψ∗Ωd
Xˆ/Yˆ
(log ∆ˆ) ⊗ g′∗A′−1)⊗ν . Here g′ : X ′ → Y ′ is a modification of the
base change of the family g : Xˆ → Yˆ along ψ : Y ′ → Y . Following the arguments
in [VZ03a, VZ02], we obtain the Hodge bundle (EY ′ , θY ′) over Y
′ and the following
commutative diagram
ψ∗F p,q
τp,q //
ρp,q

ψ∗F p−1,q+1 ⊗ ψ∗Ω1
Yˆ
(log Sˆ)
ρp−1,q+1⊗ι

A′−1 ⊗Ep,qY ′
θp,q
Y ′ // A′−1 ⊗Ep−1,q+1Y ′ ⊗ Ω
1
Y ′(log(S
′ + Snew)).
(3.3)
Here S ′ is the base change of Sˆ to Y ′, and Snew is the additional discriminant locus
of the new family (i.e., the singular fibres of the new family lie over S ′ ∪ Snew). A
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detailed construction of the diagram above can be found in the proofs of Lemma 4.1 and
Lemma 4.4.(i) of [VZ02].
We now pull-back fˆ0 : C → Yˆ along Y
′ → Yˆ . Denote by C ′ the induced ramified
covering of C. Then, we can construct (EC′, θC′) on C
′ from the Hodge bundle (EY ′ , θY ′)
similarly to the construction of FC := fˆ
∗
0 (F, τC). Denote by A
′
C′ the pull back of the
ample line bundle over C ′. Using the comparison maps we obtain a nonzero map
ψ∗F d−m−1,m+1C → A
′−1
C′ ⊗E
d−m−1,m+1
C′
for each nonnegative integer m. Moreover, for each such m, we also have the map
τm : OC(B)⊗ TC(− logD)
⊗m → F d−m−1,m+1C .
Base-changing τm to C ′, we get the composed map
ζm : ψ
∗OC(B)⊗ ψ
∗TC(− logD)
⊗m → ψ∗F d−m−1,m+1C → A
′−1
C′ ⊗E
d−m−1,m+1
C′ .
Let m be the maximal length of this “(pointed) iterated Higgs map”. That is, the map
ζm is nonzero and the composition θ
d−m−1,m+1
C′ ◦ ζm ≡ 0.
To see that such an integer m exists, it suffices to note that the following composed
map
ζ0 : ψ
∗OC(B)
ψ∗ξ
−−→ ψ∗F d−1,1C
ρd−1,1
−−−→ A′−1C′ ⊗ E
d−1,1
C′
is nonzero. To show this, we use that the induced polarized family over T × (C \D) has
maximal variation in moduli, so that the composition of its Kodaira-Spencer map and the
comparison map ρd−1,1 is generically injective (recall that ξ comes from the restriction of
the Kodaira-Spencer map of T × C); see [Den18b] for details. In this way, we have that
0 ≤ m ≤ d− 1, where the upper bound m ≤ d− 1 follows from the fact that θ0,dC′ ≡ 0.
We shall use the iterated (composed) Higgs maps ζ0, ζ1, . . . , ζm to construct a sub-Higgs
bundle (G, τG) of A
′−1
C′ ⊗EC′, so that we get a sub-Higgs bundle (A
′
C′, 0)⊗ (G, τG) of the
Hodge bundle (EC′ , θC′). Write G
d,0 := {0} and Gd−j,j = Im(ζj−1) for j = 1, 2, . . . , m+1.
Note that, for every 1 ≤ j ≤ m+1, the sheaf Gd−j,j is a subsheaf of A′−1C′ ⊗EC′ . Moreover,
it follows from the commutativity of Diagram (3.3) that
θd−j,jC′ (A
′
C′ ⊗G
d−j,j) ⊂ A′C′ ⊗G
d−j−1,j+1 ⊗ Ω1C′(log(D
′ + SnewC′ )).
Define G :=
⊕m+1
j=0 G
d−j,j. Then, we define the Higgs bundle (G, τG) by letting the Higgs
map τG be the restriction of Id ⊗ θC′ to G. Note that (G, τ) is a sub-Higgs bundle of
A′−1C′ ⊗EC′ , as required.
We claim that the degree of a sub-Higgs bundle of a Hodge bundle is non-positive.
Indeed, suppose that (E, θ) is the Hodge bundle associated to a polarized variation of
Hodge structures, say V, and that (G, τ) ⊂ (E, θ) is a sub-Higgs bundle. Then, we
have that det(G, τ) ⊂
∧r(E, θ), where r is the rank of G. Since τ is nilpotent, we have
that det(G, τ) = (detG, 0). In particular, by the compatibility of Higgs maps, it follows
that detG lands in the kernel of the Higgs map of
∧r(E, θ). By Griffiths’ curvature
computation, we conclude that detG is semi-negative. (Note that Griffiths’ curvature
computation works for abstract polarized variations of Hodge structures, i.e., not just
those coming from geometry (cf. [Sch73, §7]). That is, we use Griffiths’ curvature
computation for the Hodge bundle
∧r(E, θ) associated to the polarized variation of
Hodge structures
∧r
V.) It follows that det(A′C′ ⊗G) is semi-negative.
FINITENESS OF POINTED FAMILIES OF POLARIZED VARIETIES 15
Now, the above construction of G implies that
m∑
j=0
degC
(
OC(B)⊗ TC(− logD)
⊗j
)
=
1
degψ
m∑
j=0
degC′
(
ψ∗
(
OC(B)⊗ TC(− logD)
⊗j
))
≤
1
degψ
m∑
j=0
degC′ G
d−j,j =
1
degψ
· degC′G.
As A′C′ is ample and det(A
′
C′ ⊗G) is semi-negative, we have that degC′G < 0. Thus, we
conclude that
m∑
j=0
degC
(
OC(B)⊗ TC(− logD)
⊗j
)
≤
1
degψ
· degC′G < 0.
The statement of the theorem now readily follows. Indeed, since
degC TC(− logD) = 2− g(C)−#D,
it follows that
(m+ 1)#B +
m(m+ 1)
2
(2− 2g(C)−#D) =
m∑
j=0
degC
(
OC(B)⊗ TC(− logD)
⊗j
)
< 0.
In particular, the following inequality
#B <
m
2
(2g(C)− 2 + #D)
holds. As m ≤ d− 1, we infer that
#B <
m
2
(2g(C)− 2 + #D) ≤
d− 1
2
(2g(C)− 2 + #D).
This concludes the proof. 
4. Proof of the Weak-Pointed Shafarevich conjecture
In this section we prove Theorem 1.1 by combining our rigidity theorem for pointed
curves (Theorem 3.1) with Viehweg’s Arakelov inequality [Vie10].
Proof of Theorem 1.1. By a standard specialization argument (see for instance the proof
of [BJK, Lemma 9.6]), we may and do assume that k = C. Then, as in the statement of
the theorem, let U be a (integral) variety over C and U → Mh ⊗Q C be a quasi-finite
morphism. Let n := dimU . We argue by induction on n. The statement is clear for
n = 0. Thus, we may and do assume that n > 0.
Let C be a smooth quasi-projective connected curve over C with smooth projective
model C and D := C \ C, let
N ≥
deg h− 1
2
(
2g(C)− 2 + #D
)
be an integer, let c1, . . . , cN be pairwise distinct points in C(C), and let u1, . . . , uN be
points of U(C). Let B = {c1, . . . , cN} and let Y be a projective compactification of U
with S := Y \ U .
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Note that the composed map Sing(U) ⊂ U →Mh,C is quasi-finite, where Sing(U) is en-
dowed with its reduced structure as a closed subscheme. In particular, every irreducible
componentof Sing(U) admits a quasi-finite morphism to Mh,C. Since dim Sing(U) <
dimU = n, it follows from the induction hypothesis that the set of non-constant mor-
phisms f : C → U with f(c1) = u1, . . . , f(cN) = uN and such that f maps into Sing(U)
is finite. (Indeed, if there were infinitely many such maps, as Sing(Y ) has only finitely
many irreducible components, there would be infinitely many such maps mapping into
some irreducible component of Sing(Y ). We can then apply the induction hypothesis to
this irreducible component.)
Thus, to prove the theorem, it suffices to show that the set of non-constant morphisms
f : C → U with f(c1) = u1, . . . , f(cN) = uN and such that f(C) 6⊂ Sing(U) is finite.
To do so, let us first note that such a morphism f : C → U extends uniquely to a
morphism (C,D) → (Y, S) of log schemes. Therefore, as #B = N ≥ deg h−1
2
(2g(C) −
2 + #D), it follows from Theorem 3.1 that such a morphism f is rigid as an element of
Hom
(
(C,D), (Y, S);B
)
, i.e., the connected component of
Hom
(
(C,D), (Y, S);B
)
containing the point corresponding to f is zero-dimensional.
By Viehweg’s Arakelov inequality (see [Vie10, Theorem 3] or [KL11]), the moduli space
Hom
(
(C,D), (Y, S);B
)
is bounded (i.e., of finite type over C), so that it is finite. This concludes the proof. 
Remark 4.1. The proof of Theorem 1.1 (and also Theorem 3.1) simplifies a bit when
U is assumed to be smooth. For example, one does not need to argue by induction on
the dimension of U in the above proof. Also, with the notation of Section 3, the set B1
is empty.
Remark 4.2 (Arakelov-Parshin’s theorem). Let us show that Arakelov-Parshin’s finite-
ness theorem follows from Theorem 1.1. Let g ≥ 2 be an integer and let C := Cg ⊗Q k be
the stack over k of smooth proper connected curves of genus g. Note that C =Mh, where
h(t) = (2g − 2)t+ (1− g). Since deg h = 1, the integer N := 0 satisfies the inequality
N ≥
deg h− 1
2
(
2g(C)− 2 + #D
)
.
Let U be a variety over k and let ϕ : U → C be a finite e´tale cover, e.g., U is the moduli
space C
[3]
g of curves of genus g with level 3 structure. Let C be a smooth connected
curve over k, and recall that a morphism C → C is non-isotrivial if the composed map
C → C → Ccoarse is non-constant.
We argue by contradiction. Thus, let fn : C → C be a sequence of pairwise-distinct
non-isotrivial morphisms. For every n, let Dn be a connected component of C ×fn,C,ϕ U .
Since each Dn is a finite e´tale cover of C of degree at most deg(ϕ), the set of isomorphism
classes of the curves Dn is finite. Thus, replacing fn by a subsequence if necessary, we
may and do assume that D := D1 ∼= D2 ∼= D3 ∼= . . .. Now, by Theorem 1.1 (with N = 0),
the set of non-constant morphisms D → U is finite, so that (clearly) the collection of
isomorphism classes of the morphisms fn is finite, contradicting our assumption above.
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5. The Persistence Conjecture for moduli spaces of polarized varieties
Throughout this section, we let k be an algebraically closed field of characteristic zero.
We start with the following definition (see also [Jav18, Definition 4.1]).
Definition 5.1 (Mildly bounded varieties). A variety X over k is mildly bounded over k
if, for every smooth quasi-projective connected curve C over k, there is an integer m and
points c1, . . . , cm in C(k) such that, for every x1, . . . , xm in X(k), the set of morphisms
f : C → X with f(c1) = x1, . . . , f(cm) = xm is finite.
With this definition at hand, we get the following consequence of Theorem 1.1 for
M, where M denotes the moduli stack of polarized varieties with semi-ample canonical
bundle over Q.
Theorem 5.2 (The moduli space is mildly bounded). Let K be an algebraically closed
field of characteristic zero, let U be a variety over K, and let U → M ⊗Q K be a
quasi-finite morphism. Then U is mildly bounded over K.
Proof. This is a straightforward consequence of Theorem 1.1 and Definition 5.1. Indeed,
let C be a smooth quasi-projective connected curve over K with compactly supported
Euler characteristic e(C). Since U is integral, there is a polynomial h ∈ Q[t] such that the
quasi-finite morphism U →M⊗QK factors over a quasi-finite morphism U →Mh⊗QK.
Let N be a positive integer such that m ≥ deg h−1
2
e(C), let c1, . . . , cm in C(K) be pairwise
distinct points, and let u1, . . . , um ∈ U(K). Then, by Theorem 1.1, the set of morphisms
f : C → U with f(c1) = u1, . . . , f(cm) = um is finite, so that (clearly) U is mildly
bounded over K. 
A variety over Q with only finitely many S-integral points in a number field is expected
to have only finitely many integral points valued in any finitely generated integral do-
main of characteristic zero (see the Persistence Conjecture 1.4 for a precise statement).
If the variety in question satisfies some additional “boundedness” property, then this
persistence can in fact be proven. For example, the Persistence Conjecture holds in the
case of varieties satisfying mild boundedness over all field extensions.
Theorem 5.3. Let X be an arithmetically hyperbolic variety over k such that, for every
algebraically closed field extension k ⊂ K, the variety XK is mildly bounded over K.
Then, for every algebraically closed field extension L/k, the variety XL is arithmetically
hyperbolic over L.
Proof. See [Jav18, Theorem 4.4]. 
Now, to prove Theorem 1.5, we combine Theorem 1.1 and Theorem 5.3.
Proof of Theorem 1.5. As in the statement of the theorem, let k be an algebraically
closed field of characteristic zero, and let U be a variety over k which admits a quasi-
finite morphism U → M⊗ k. Let k ⊂ L be an extension of algebraically closed fields
of characteristic zero. Note that, by Theorem 5.2, for every algebraically closed field
extension K/k, the variety UK is mildly bounded over K. Therefore, if U is arithmetically
hyperbolic over k, then it follows from Theorem 5.3 that UL is arithmetically hyperbolic
over L. This concludes the proof. 
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